A model for the motor-unit action-potential train is developed, based on previously obtained empirical information. The auto and cross-correlation functions are calculated. The autocorrelation function is used to derive the mean rectified value, the variance and the root-mean-squared value of a motor-unit action-potential train. These parameters are solved by using two approximations for the motor-unit action-potential; a piece-wise approximation and a Dirac Delta function approximation. The Dirac Delta function approximation sufficiently simplifies the mathematics so that the model can be extended to myoelectric signals. The cross-correlation function contains information about the synchronization of motorunit action-potential trains that may be useful as an objective indicator of muscle fatigue.
Introduction
Several investigations have attempted to formulate mathematical expressions for the motor-unit actionpotential train (MUAPT) [2, 14, 10, 9, 26, 5] . Of the above investigators, only Libkind [14] employed an empirically derived model for the inter-pulse of the MUAPT's. In a previous paper De Luca and Forrest [11] described some properties of MUAPT's recorded during constant force isometric contractions. Those properties will be used to derive a set of equations for some parameters of the MUAPT recorded during a constant force isometric contraction.
The mathematical development will focus on the derivation of the time dependent auto and crosscorrelation functions of the MUAPT's. The correlation function may be used to obtain expressions for measurable parameters such as: a) the mean rectified value, b) the mean integrated rectified value, c) the root-mean-squared value, and d) the power density spectrum. These parameters may not be useful when referring to a MUAPT; however, they assume a practical importance when they are assigned to the myoelectric signal. The analysis for the myoelectric signal, based on the derivations in this paper, is presently in progress and will be reported soon.
Background
In a previous paper, De Luca and Forrest [-11] reported some properties of the MUAPT's recorded from the middle fibers of the deltoid muscle during constant force isometric abduction. Two of these properties are listed here because they will be required for the ensuing discussion.
1. The Weibull probability distribution function with time and force dependent parameters provides an acceptably good fit for the distribution of the inter-pulse intervals of a MUAPT.
2. The inter-pulse intervals between two adjacent motor-unit action-potentials (MUAP's) in the same MUAPT have a tendency to be statistically independent, but the independence of adjacent pulses is not as strong as that between every other pulse in the same train.
The MUAPT's may be represented by the pulse random process illustrated in Fig. 1 . Consider the Dirac Delta impulse random process n k=l The impulses are located at time tk, where t is a real continuous random variable. If the impulse process is passed through a system with an impulse response h(t), a pulse random process u(t) is formed. If h(t) is the equation of a MUAP, the random process u(t) represents MUAPT's which can be expressed as
k=l where t k= ~x~ for k,l=l,2,3,...,n.
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The real continuous random variable x represents the inter-pulse interval and n is the total number of inter-pulse intervals in a MUAPT. The distribution of x in a MUAPT is described by the Weibull probability distribution function
t B t,i)) t t p t,i) j J ~i(t) ~(t) Fig. 1 . Schematic model for the motor-unit action-potential train where t represents the contraction time and f the constant force of the isometric contraction. The skewness parameter ~c and the scale parameter fl are dependent on t and f; whereas, the location parameter, cq is independent of t and f. (5) for G = tb = t Ra,~,(t) = 4~ Pa, a,(a,1, &; t) = ~2 pa,(cSi, ' t) (6) and for t~ 4 = tb Rg,,a,(ta, tb)=~2Pa,(bi,;to)P&(bi~;tb) (7) if the occurence of the Dirac Delta impulses is independent of any previous occurences in the same train. Clamann [8] and De Luca and Forrest [11] have reported that for the purpose of signal analysis the inter-pulse intervals of adjacent MUAP's may be considered to be statistically independent. According to the MUAPT properties listed in the Background Section, Eq. (7) is particularly valid if the interval t b-t~ is greater than an inter-pulse interval. A diagrammatic representation of the correlation of two Dirac Delta impulse trains can be seen in Fig. 2 . The probability of having an impulse in the interval dt is Pa,(6i~ = 4, t, f) = 2i(t, f)dt (8) where 2i(t, f) is the firing rate of a MUAPT. The firing rate may be obtained by taking the inverse of the mean value of the Weibull probability distribution function, hence,
fii(t, f) F 1+ ~q(t, f~ + ~i (9) pulses per sec.
The equations for ill(t, f), ~ci(t, f) and ei were determined in a previous paper [11] . Note that the constant-force variable has been introduced because the Weibull probability distribution function describing the inter-pulse intervals was found to be dependent on the constant-force level of the isometric contraction. By direct substitution, Eqs. (6) and (7) become Ra~a,(t, f) = 42 dt2i(t, f) to = tb (10) Ra, a,(t~, ~, f) = ~dt2i(t~, f) 4dt,~(tb, f) to + tb But for a Dirac Delta pulse as ~--+oo and dt~O, ~dt = 1, therefore,
This is the autocorrelation function of the time dependent Dirac Delta impulse train.
In the case where i+j, Ra, a~ (&, tb) represents the cross-correlation function of two impulse trains. In this situation, the probability that an impulse is simultaneously present at t = t a in 6~ and t~ = t b in 6i is the same as the probability that an impulse is present at 
Employing the same argument used to derive the autocorrelation function, the following expression of the cross-correlation function can be obtained
It may be possible that two motor units Will fire in unison (i.e., they are phase-locked) with ,~i(t,f)=2j(t,f). In such a circumstance the cross correlation function will be identical to the autocorrelation function. Now, by introducing Eq. (11) into Eq. (3), the equation for the time dependent autocorrelation function of a MUAPT is expressed as 
(t ) or h~(t).
When T is less than the time duration of hi(t) or hi(t) and 2i(t, f) = 2j(t, f) the time dependent cross-correlalation function will be
In such a case, the MUAPT's will be considered to be synchronized.
Piecewise Linear Approximation for the Motor-Unit Action-Potential
Up to this point, the properties of the MUAP, h(t), have not been mentioned. Some knowledge of h(t) is required to continue the solution of the correlation functions. It is well known that the shape of h(t) can assume several different forms depending on: a) the particular muscle from which it is recorded [22, 20, 11, b ) the type of electrode that is used to record the MUAP [6, 71, and c) the relative position of the recording electrode and the active muscle fibers [6, 71 . In addition to the above variables the amplitude and duration of h(0 also depend on the elapsed time of a muscle contraction (De Luca and Forrest, 1973), the force level of the muscle contraction [20, 12, 19] and the depth of insertion in a particular muscle [6] 9
For the purpose of this study a tri-phasic MUAP (plotted in Fig. 3 ) with a duration of 7.5 msec was adopted to carry out the ensuing analysis 9 The arbitrary shape and duration are representative of the MUAP's recorded from muscles in the arm and forearm. Average time duration values ranging from 5.40msec [11 to 9.15msec [6] have been recorded from upper limb muscles.
Previous attempts at representing h(t) with mathematical functions can be found in the literature 9 Bernshtein [3] approximated h(t) by a series of exponentials, but ran into difficulties in relating his expression to empirical MUAP's. Person and Mishin [211 idealized h(t) by a symmetrical positive and negative triangular pulse, and with this function proceeded to calculate some parameters of the myoelectric signal.
In this paper, a piecewise linear approximation of h(t) will be used 9 Such an approximation preserves the basic useful information of h(t), such as the number of phases, the amplitude, the zero crossing and the time duration 9 Consider the empirically recorded MUAP in Fig. 3 . The MUAP can be expressed as the sum of its constituent phases, ak,
k=l where k = 1, 2, 9149149 p, and p represents the total number of phases in h(t). Each phase may be approximated by a triangle, which in turn may be expressed by three ramps, for example:
where to, t~, ta are the time locations of successive zero crossings or peak points and m 1 and m2 represents the slopes of the ramps 9 In the case of the MUAP in Fig. 4 shows that for the particular MUAP considered the approximated MUAP has a lower amplitude spectrum that is slightly shifted towards the low frequency end. The difference is not critical considering the great simplification in the representation of the MUAP.
Concept of a Generalized Firing Rate
Now that a mathematical representation has been made for h(t), an expression for the MUAPT firing rate is required to solve the correlation functions 9 If a MUAPT can be recorded such that it is distinguishable, then the individual firing rate 21(t, f) can be measured and expressed mathematically.
In myoelectric signals composed of several MUAPT's, the component MUAPT's are not continuously distinguishable throughout the signal. Hence, their individual firing rates are unattainable. However, it is still possible to obtain a meaningful solution to Eqs. (14) , (15) and (16) The polynomial is truncated at the third order with a residual error of less than 0.75% in the worst possible case. This is an acceptable error well within the experimental bounds.
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Solution of Parameters
Equation (14) The solution of the convolutions in Eq. (24) will be greatly simplified if the linearly approximated h(t) is differentiated twice, thus reducing to a sequence of Dirac Delta pulses. The convolution of 2(t, f) with the Dirac pulses is reduced to a multiplication 2(t, f) with the Dirac Delta pulse. The result is then integrated twice to complete the original convolution. The details are presented in the Appendix.
Some parameters of the MUAPT that have practical application to the signal processing problem of myoelectric signals are the mean rectified value, the variance and the root-mean-squared (rms) value. These parameters can all be obtained from Eq. (24) . Their solution appears in Eq. (A7) in the Appendix. The following expressions are general and, therefore, will be written as functions of normalized contractiontime (r) and force (4).
Mean Rectified Value
The MUAP is rectified by inverting the sign of the slopes in the negative phase. This procedure must be performed when the values of the slopes are placed in the calculations. The resulting expression is 2p 3 E{lui(~)l}~-F. 2(m~+a-m0 ~h (4) (z_vj+2
where m o =m2p+l =0 and the individual terms are zero for ~ < zk. 
Variance
The expression involves a convolution of 2(z, ~b) and h2(z); a somewhat more involved manipulation than that of the mean rectified value. The resulting expression is There are two direct ways of pursuing the impulse approximation. Each phase of the MUAP can be expressed by an impulse whose amplitude is equal to the area of the phase and is located at the peak of each phase. The other possibility is to represent the complete MUAP by one impulse whose amplitude is equal to the total area of the MUAP and is located in the middle of the MUAP. It follows from Eqs. (24) and (28) that the simplified expressions for the second case can be written as 
The deviation between the values of the parameters calculated by the piecewise linear approximation and the Dirac Delta impulse approximation is 0.0086% in the worst case. This error is considerably smaller than the experimental error.
Discussion
The model developed in this paper supplies precise expressions for parameters of the motor-unit actionpotential train (MUAPT) as a function of contraction time at a constant muscle-force during isometric contractions. The resulting equations depend on the firing rate and the area of the motor-unit actionpotential (MUAP). The latter requirement is gratifying because it eliminates intimate knowledge and description of the MUAP shape, which varies considerably between recorded MUAPT's.
The solutions to the mean rectified value, the variance and the rms value that are plotted in Figs. 5, 6, and 7 were obtained by assuming that the area of a MUAP remains constant throughout a sustained contraction. Reports of both increase and decrease of the amplitude of the MUAP can be found in the literature. Knowlton et al. [13] and Stfdberg [251 reported an increase in the amplitude with increasing contraction time. On the other hand, several investigators [17, 23, 4, 15, 18, 11] have reported that the amplitude decreases with increasing contraction time. De Luca and Forrest [11] also stated that the time duration of the MUAP has a tendency to decrease with contraction time. Lindstr6m et al. [16] postulated that variations in the shape of a MUAP could be attributed to a decreasing conduction velocity of the muscle fibers during a sustained contraction. If, indeed, the amplitude decreases and the time duration increases, then the area of h,(t) may not vary substantially (if at all) with contraction time.
The normalized values of the mean rectified value and the variance plotted in Figs. 5 and 6 appear to be identical. This result is not obvious when comparing the equations that generated the curves, i.e., Eqs. (25) and (26) . The similarity can be explained by referring to Eqs. (29) and (30), in which h(t) has been replaced by the Dirac Delta function, 6(0. In the previous section, this replacement was shown to be valid.
In general, the cross-correlation function of the MUAPT's does not contain the variance term that is present in the autocorrelation function. However, if the MUAPT's are synchronized (i.e., have similar firing rate and fire in unison) the cross-correlation function [Eq. (16) ] contains a co-variance term. The co-variance term increases the amplitude of the cross-correlation function. This calculable change in the crosscorrelation function may provide a precise and objective measurement of synchronization. This is a particularly interesting outcome because synchronization is considered to be a phenomenon associated with muscle fatigue. The prospect of yielding an objective measure of a phenomenon associated with muscle fatigue enhances the usefulness of the MUAPT model.
The MUAPT model also provides the groundwork for mathematical analyses of the myoelectric signal formed by the superposition of several MUAPT's. In the myoelectric signal, the individual MUAPT's are generally not separable or distinguishable. Therefore, the individual firing rates of the MUAPT's cannot usually be measured. In this application, the concept of the generalized firing rate will be useful. The feasibility of accurately representing the MUAP by a Dirac Delta impulse will greatly facilitate the mathematical derivations.
It is expected that time dependent parameters of the myoelectric signals such as: a) the mean rectified value, b) the mean integrated rectified value, c) the rms value, and d) the power density spectrum will be described by equations. These parameters of the myoelectric signal have basic practical applications in clinical diagnostics and myoelectric prostheses design.
